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Abstract
Let S be a translation generalized quadrangle (TGQ) of order (s, s2), s > 1 and s odd, with a good
line L . Then there are precisely s3 + s2 subquadrangles of order s containing L . When S is isomorphic to
the classical generalized quadrangleQ(5, s), that is, the generalized quadrangle arising from a nonsingular
quadric of Witt index 2 in PG(5, s), then the stabilizer of L in the automorphism group of S acts transitively
on these subquadrangles. It has been an open question for some time whether this is also the case when S
is non-classical.
In this paper, we prove that a transitive action on these subquadrangles forces S to be isomorphic to
Q(5, s). The latter theorem is a corollary of a stronger result that will be obtained, using the proof of
a ‘STABILIZER LEMMA’, which allows us to interpret collineations of a semifield flock TGQ (in odd
characteristic) in the associated good TGQ.
Other applications will be obtained.
c© 2005 Elsevier Ltd. All rights reserved.
MSC: 51E12; 20B25; 51E20; 05E20
1. Preliminaries
1.1. Combinatorics
A (finite) generalized quadrangle (GQ) of order (s, t), s ≥ 1 and t ≥ 1 and s, t ∈ N, is a
point–line incidence structure S = (P, B, I ) in which P and B are disjoint (non-empty) sets
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of objects called ‘points’ and ‘lines’ respectively, and for which I is a symmetric point–line
incidence relation satisfying the following axioms.
(1) Each point is incident with t + 1 lines, and two distinct points are incident with at most one
line.
(2) Each line is incident with s + 1 points, and two distinct lines are incident with at most one
point.
(3) If p is a point and L is a line not incident with p, then there is a unique point–line pair (q,M)
such that pI M Iq I L (and we sometimes denote q by projL p and M by projpL).
If s = t , then S is said to be ‘of order s’. If s > 1 and t > 1, then S is thick.
In the rest of this article, ‘FGQ’ denotes the monograph Finite Generalized Quadrangles [19]
by Payne and Thas. We refer to that work for any notion which is used but not explicitly given
here.
Let S be a GQ of order (s, t), s, t > 1; then the number of points of S is (s + 1)(st + 1), and
the number of lines is (t + 1)(st + 1); see 1.2.1 of FGQ.
Let p and q be (not necessarily distinct) points of the GQ S = (P, B, I ); we write p ∼ q
and say that p and q are collinear, provided that there is some line L such that pI L Iq (so
p 6∼ q means that p and q are not collinear). Dually, for L ,M ∈ B, we write L ∼ M or
L 6∼ M according to whether L and M are concurrent or non-concurrent. For p ∈ P , put
p⊥ = {q ∈ P ‖ q ∼ p}, and note that p ∈ p⊥. For a pair of distinct points {p, q}, {p, q}⊥
is defined as p⊥ ∩ q⊥. Then |{p, q}⊥| = s + 1 or t + 1, according to whether p ∼ q or
p 6∼ q . More generally, if A ⊆ P , A⊥ is defined as A⊥ = ⋂{p⊥ ‖ p ∈ A}. For p 6= q,
{p, q}⊥⊥ = {r ∈ P ‖ r ∈ s⊥ for all s ∈ {p, q}⊥} (so {p, q}⊥⊥ = ({p, q}⊥)⊥). We have that
|{p, q}⊥⊥| = s + 1 or |{p, q}⊥⊥| ≤ t + 1 according to whether p ∼ q or p 6∼ q .
A subquadrangle, or also subGQ, S ′ = (P ′, B ′, I ′) of a GQ S = (P, B, I ) is a GQ for which
P ′ ⊆ P , B ′ ⊆ B, and where I ′ is the restriction of I to (P ′ × B ′) ∪ (B ′ × P ′).
Consider a nonsingular quadric of Witt index 2, that is, of projective index 1, in PG(4, q),
PG(5, q), respectively. The points and lines of the quadric form a generalized quadrangle which
is denoted by Q(4, q), Q(5, q), respectively, and has order (q, q), (q, q2), respectively.
1.2. Translation generalized quadrangles and generalized ovoids
A collineation or automorphism of a generalized quadrangle S = (P, B, I ) is a permutation
of P ∪ B which preserves P , B and I . By Aut (S), we denote the full automorphism group of
the GQ S.
A line L of a finite generalized quadrangle S of order (s, t), s 6= 1 6= t , is an axis of symmetry
if there is a group of automorphisms of S of size s fixing each line of S meeting L . Each line of
the GQ Q(d, q), d ∈ {4, 5}, is well known to be an axis of symmetry. A generalized quadrangle
S is said to be a translation generalized quadrangle (TGQ) with base-point or translation point
x and translation group G, if G is an abelian group of automorphisms of S that fixes x linewise
and that acts regularly on the points of S not collinear with x . If G is not necessarily abelian, we
speak of an elation generalized quadrangle (EGQ) with elation point x and elation group G. If
S is a TGQ with translation point x , or EGQ with elation point x , then sometimes we will write
S(x) instead of S. It can be shown that x is a translation point if and only if each line incident
with x is an axis of symmetry; see 8.3.1 of FGQ. Each TGQ S of order (s, t) with translation
point (∞), where s 6= 1 6= t , has a kernel K, where K is a field whose multiplicative group is
isomorphic to the group of all collineations of S fixing linewise the point (∞) and any given
point not collinear with (∞); see 8.5 of FGQ.
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Suppose H = PG(2n+m−1, q) is the finite projective (2n+m−1)-space overGF(q), and let
H be embedded as a hyperplane in a PG(2n +m, q), say H ′. Now define a set O = O(n,m, q)
of subspaces as follows: O is a set of qm + 1(n − 1)-dimensional subspaces of H , denoted as
PG(n − 1, q)(i), i ∈ {0, 1, . . . , qm}, such that:
(i) every three subspaces generate a PG(3n − 1, q);
(ii) for every i ∈ {0, 1, . . . , qm} there is a subspace PG(n + m − 1, q)(i) of H of dimension
n +m − 1, which contains PG(n − 1, q)(i) and which is disjoint from each PG(n − 1, q)( j)
if j 6= i .
In this paper, only the case n 6= m will be considered. In that case, O(n,m, q) is called a
generalized ovoid or egg of PG(2n + m − 1, q). The spaces PG(n + m − 1, q)(i) are called the
tangent spaces of O(n,m, q), or just the tangents.
The O(n, n, q)’s were introduced by Thas in [20], and generalized to O(n,m, q)’s by Payne
and Thas in FGQ, Chapter 8. In [19], Payne and Thas prove that from an O = O(n,m, q) there
arises a GQ T (n,m, q) = T (O). This GQ is a TGQ of order (qn, qm) with base-point (∞), and
is constructed as follows.
• POINTS are of three types: (1) a symbol (∞); (2) the subspaces PG(n + m, q) of H ′ which
intersect H in a PG(n + m − 1, q)(i); (3) the points of H ′ \ H .
• LINES are of two types: (1) the elements of O(n,m, q); (2) the subspaces PG(n, q) of
PG(2n + m, q) which intersect H in an element of O(n,m, q).
• INCIDENCE is defined as follows: the point (∞) is incident with all the lines of Type (1) and
with no other lines; a point of Type (2) is incident with the unique line of Type (1) contained
in it and with all the lines of Type (2) which it contains (as subspaces). Finally, a point of Type
(3) is incident with the lines of Type (2) that contain it.
Conversely, any TGQ is isomorphic to the T (n,m, q) associated with an O(n,m, q) in
PG(2n + m − 1, q) ⊆ PG(2n + m, q).
The field GF(q) is a subfield of K if and only if S is of type T (n,m, q); cf. 8.7 of FGQ.
If n 6= m, then by 8.7.2 of FGQ the qm + 1 tangent spaces of O(n,m, q) form an egg
O∗(n,m, q) in the dual space of PG(2n + m − 1, q). So in addition to T (n,m, q) there arises a
TGQ T (O∗), also denoted by T ∗(n,m, q), or T ∗(O). The TGQ T ∗(O) is called the translation
dual of the TGQ T (O), and is not necessarily isomorphic to T (O); see [31].
A TGQ T (O)with t = s2, s = qn , is called good at an element pi ∈ O if for every two distinct
elements pi ′ and pi ′′ of O \ {pi} the (3n − 1)-space pipi ′pi ′′ contains exactly qn + 1 elements of
O. From [19, 8.7.2 (v)] it then easily follows that pipi ′pi ′′ is skew to the other elements of O. If
the eggO contains a good element, then the egg is called good. If pi is a good element of the egg
O, and L is the line of T (O) corresponding to pi , then L is called a good line, and T (O) is good
at L . It is straightforward to see that when L is a good line of the TGQ T (O) of order (s, s2),
s > 1, then L is contained in s3 + s2 distinct subGQ’s of order s (see for instance [22]). One
should also keep the following crucial properties in mind in this paper.
(a) If L is a good line of the TGQ S of order (s, s2), s > 1 and s odd, then Aut (S)L acts
2-transitively on the points incident with L—this was first obtained in [35] and can also be
found in [36].
(b) If S is as in (a) and it has a good line different from L , then S ∼= Q(5, s)—this follows from
(a) and Chapter 9 of [19] (see also Chapter 7 of [36]).
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Remark 1.1. The GQ S = Q(5, qn) is a TGQ for each of its points; moreover, if (x, L) is an
arbitrary incident point–line pair of Q(5, qn), then the TGQ S(x) is good at L [19]. The GQ
Q(4, qn) also is a TGQ for each of its points [19], and GQ’s of typeQ(4, qn) orQ(5, qn) are the
only GQ’s each point of which is a translation point [19]. All this information can also be found
in the monograph [36].
1.3. Flock generalized quadrangles
Suppose (S(p),G) is an EGQ of order (s, t), s 6= 1 6= t , with elation point p and elation group
G, and let q be a point of P \ p⊥. Let L0, L1, . . . , L t be the lines incident with p, and define ri
and Mi by L i I ri I Mi I q, 0 ≤ i ≤ t . Put Hi = {θ ∈ G ‖ Mθi = Mi }, H∗i = {θ ∈ G ‖ r θi = ri },
and J = {Hi ‖ 0 ≤ i ≤ t}. Then |G| = s2t and J is a set of t +1 subgroups of G, each of order
s. Also, for each i , H∗i is a subgroup of G of order st containing Hi as a subgroup. Moreover,
the following two conditions are satisfied:
(K1) HiH j ∩ Hk = {1} for distinct i, j and k;
(K2) H∗i ∩ H j = {1} for distinct i and j .
Conversely, if G is a group of order s2t and J (respectively J ∗) is a set of t+1 subgroups Hi
(respectively H∗i ) of G of order s (respectively of order st), and if the conditions (K1) and (K2)
are satisfied, then the H∗i are uniquely defined by the Hi , and (J ,J ∗) is said to be a 4-gonal
family of type (s, t) in G. (Sometimes we will also say that J is a 4-gonal family of type (s, t) in
G if this seems convenient.)
From a 4-gonal family of type (s, t) in a group G there can be constructed an incidence
structure S(G,J ) which is a GQ of order (s, t). Moreover, if we start with an EGQ (S(p),G) to
obtain the family J as above, then we have that (S(p),G) ∼= S(G,J ). So a group of order s2t
admitting a 4-gonal family is an elation group of a suitable elation generalized quadrangle. This
was first noted by Kantor [12].
Let F = GF(q), q any prime power, and put G = {(α, c, β) ‖ α, β ∈ F2, c ∈ F}. Define a
binary operation on G by (α, c, β)(α′, c′, β ′) = (α + α′, c + c′ + βα′T , β + β ′). This makes G
into a group whose centre is C = {(0, c, 0) ∈ G ‖ c ∈ F}.
Let C = {Au ‖ u ∈ F} be a set of q distinct upper triangular (2× 2)-matrices over F. Then C
is called a q-clan provided that Au − Ar is anisotropic whenever u 6= r , i.e. α(Au − Ar )αT = 0
has only the trivial solution α = (0, 0). For Au ∈ C, put Ku = Au + ATu . Let
Au =
(
xu yu
0 zu
)
, xu, yu, zu, u ∈ F.
For q odd, C is a q-clan if and only if
− det(Ku − Kr ) = (yu − yr )2 − 4(xu − xr )(zu − zr ) (1)
is a non-square of F whenever r, u ∈ F, r 6= u. For q even, C is a q-clan if and only if
yu 6= yr and tr((xu + xr )(zu + zr )(yu + yr )−2) = 1 (2)
whenever r, u ∈ F, r 6= u.
Now we can define a family of subgroups of G by A(u) = {(α, αAuαT , αKu) ∈ G ‖ α ∈
F2}, u ∈ F, and A(∞) = {(0, 0, β) ∈ G ‖ β ∈ F2}.
K. Thas / European Journal of Combinatorics 28 (2007) 1–16 5
Then put J = {A(u) ‖ u ∈ F ∪ {∞}} and J ∗ = {A∗(u) ‖ u ∈ F ∪ {∞}}, with
A∗(u) = A(u)C . So A∗(u) = {(α, c, αKu) ∈ G ‖ α ∈ F2, c ∈ F}, u ∈ F, and A∗(∞) =
{(0, c, β) ‖ β ∈ F2, c ∈ F}.
With G, A(u), A∗(u),J and J ∗ as above, the following important theorem is a combination
of results of Payne and Kantor.
Theorem 1.2 (Payne [15], Kantor [12]). The pair (J ,J ∗) is a 4-gonal family for G if and only
if C is a q-clan.
Let F be a flock of the quadratic cone K with vertex v of PG(3, q), that is, a partition of
K \ {v} into q disjoint irreducible conics. In [21], Thas notes that (1) and (2) are exactly the
conditions for the planes of PG(3, q) with equation
xuX0 + zuX1 + yuX2 + X3 = 0
to define a flock of the quadratic cone K with equation X0X1 = X22 .
Theorem 1.3 (Thas [21]). To any flock of the quadratic cone of PG(3, q) there corresponds an
EGQ of order (q2, q).
Definition. We say that a TGQ arises from a flock if it is the point–line dual of a flock GQ.
In 1976 it was shown independently by Thas and Walker [37] that to any flock F of the
quadratic cone K of PG(3, q) there corresponds an affine translation plane of order q2. The
flock is called a semifield flock if the corresponding plane is a semifield plane. In such a case the
point–line dual of the corresponding GQ S(F) is a TGQ; if S(F) is not classical, then the point
(∞) of the GQ S(F) is a line of Type (1) of the TGQ, that is, an element of the corresponding
generalized ovoid.
Notation. Let F be a flock of the quadratic cone K in PG(3, q). Then by Aut (F) we denote the
subgroup of the stabilizer group of K in P0L(4, q) which preserves F .
2. Statement of the main results
Stabilizer Lemma. Let S be a good TGQ of order (qn, q2n), q odd, which is good at the line
L, and let 0 be an arbitrary (ordinary) quadrangle containing L as a side. Let S(F) be the
flock GQ with special point (∞) which is the point–line dual of the translation dual of S, and
suppose 0′ is an arbitrary (ordinary) quadrangle in S(F) which contains (∞) and the special
line [A(∞)]. Then the elementwise stabilizer of 0 in Aut (S) is isomorphic to the elementwise
stabilizer of 0′ in Aut (S(F)).
Remark 2.1. It should be remarked that an essential part of the STABILIZER LEMMA (for
abstract TGQ’s) was noted by Thas and Thas in [29]. Here, we will make it explicit for good
TGQ’s (in view of its connection with flock GQ’s and the Fundamental Theorem of q-Clan
Geometry of Payne), and we will illustrate how one can use it to obtain various strong results.
Let S = T (O) be a TGQ of order (qn, q2n), where q is odd, and where O is good at some
element PG(n−1, q). LetK be the kernel of S. Then by Thas [35], (qn+1)(qn−1)q6n(|K|−1)
is a divisor of |Aut (S)|. If S is classical, then for an arbitrary line L of S, |Aut (S)L | =
(q + 1)2(q − 1)2q62h (n = 1 and K = GF(q)).
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Theorem 2.2. Let S = T (O) be a TGQ of order (qn, q2n), where q = ph is an odd prime power,
p a prime and n, h ∈ N, with O the generalized ovoid in PG(4n − 1, q) corresponding to S.
Suppose that O is good at some element PG(n − 1, q), and let L be the line of S corresponding
to PG(n − 1, q). Let K = GF(q) be the kernel of S. If the following divisibility condition is
satisfied, then S is isomorphic to the classical GQ Q(5, qn):
(qn + 1)2(qn − 1)q6n divides |Aut (S)L |.
In fact, from the proof it will follow that the result is slightly stronger (but less elegantly
formulated) than Theorem 2.2.
Theorem 2.2 can also be stated in the following equivalent way.
Theorem 2.3. Let F be a semifield flock of PG(3, qn), q odd. If qn + 1 divides the size of
Aut (F)Π , where Π is any flock plane, or, equivalently, if qn + 1 divides |Aut (F)|qn , then F is
linear.
Let S = T (O) be a TGQ of order (s, s2), s odd, where S is good at some line L . When
S is isomorphic to the classical generalized quadrangle Q(5, s), then the stabilizer of L in the
automorphism group of S acts transitively on the s3 + s2 subGQ’s of order s containing L . It
has been an open question for some while whether this is also the case when S is non-classical.
From Theorem 2.2, we will deduce the solution of that question:
Theorem 2.4. Let S = T (O) be a TGQ of order (s, s2), s odd, so that the generalized ovoid O
is good at some element. If Aut (S) acts transitively on its subGQ’s of order s, then S ∼= Q(5, s).
We do not bother to try to find analogous theorems for the even characteristic case; the
main conjecture there is that TGQ’s T (O) of order (s, s2), s even, for which O has a good
element, are always isomorphic to a T3(O) of Tits. In that case, it is possible to show that the
assumed transitive action on the subGQ’s of order s containing some fixed line incident with
the translation point leads to the fact that O either is an elliptic quadric or a Tits ovoid. If O
is a Tits ovoid of PG(3, q) which is not an elliptic quadric, then the full automorphism group
of O in PSL(4, q) is isomorphic to Sz(q), which has size (q2 + 1)q2(q − 1). It then easily
follows that the aforementioned transitive action is not possible. We refer the reader to Thas and
Thas [30] for an essay on TGQ’s in even characteristic, and for a solution of a substantial part of
the aforementioned conjecture.
We will also solve the ‘Doubly Subtended Ovoid Problem’ for good TGQ’s in any
characteristic (cf. Theorem 5.1), using a technique of the proof of the STABILIZER LEMMA.
3. Proof of the stabilizer lemma
Let S = T (O) be a TGQ of order (qn, q2n), where q is an odd prime power and n ∈ N, and
withO the generalized ovoid in PG(4n−1, q) corresponding to S. Put q = ph , where p is an odd
prime. Suppose thatO is good at the element PG(n−1, q), so that S is good at the corresponding
line L . We suppose that Aut (S) fixes L , as otherwise S is well known to be classical. Then L is
a line of translation points, so Aut (S) acts 2-transitively on that line. Moreover, if M 6∼ L , then
Aut (S)M contains the natural action of PSL(2, qn) on {L ,M}⊥; see [33,35]. Also, as S is good
at L , there are precisely q3n + q2n subGQ’s of order qn , all containing L and all isomorphic to
Q(4, qn) [22].
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Suppose Aut (S)M is the stabilizer of M 6∼ L in Aut (S). Put H = (Aut (S)M )U,V (the
stabilizer of (U, V ) in Aut (S)M ), where U and V are arbitrary distinct but fixed lines of
{L ,M}⊥. (Note that H does not contain any nontrivial symmetries about L .) Then
|H | = |Aut (S)|
q6n(qn + 1) .
Consider the generalized ovoid O ⊆ PG(4n − 1, q) ⊆ PG(4n, q). We suppose without loss
of generality that the translation point (∞)′ of T (O) corresponds to L ∩ U . Put M ∩ V = y.
Let O = {pi0, pi1, . . . , piq2n }, and let pi0 and pi1 correspond to L and U , respectively. Then M is
an n-dimensional space, say ηM , in PG(4n, q) for which ηM ∩ PG(4n − 1, q) = pi1. Suppose
{Π0,Π1, . . . ,Πq2n } are the tangents of O (with the obvious notation).
Then H fixes O globally1(and thus PG(4n − 1, q)), the spaces pi0, pi1, and the point r of
PG(4n, q) \PG(4n− 1, q) corresponding to y. Let PG(4n, q)∗ be the dual space of PG(4n, q).
Let ζ be an arbitrary subspace of PG(4n, q) of dimension k, −1 < k ≤ 4n. Then we will
denote by ζ ∗ the (4n − k − 1)-space of PG(4n, q)∗ corresponding to ζ . Intersected with r∗, the
dual spaces of the tangents of O form a generalized ovoid O∗ which gives rise to the translation
dual T (O∗) of T (O). Also, PG(4n − 1, q)∗ is a point of PG(4n, q)∗ \ r∗. As H fixes r in
PG(4n, q) \PG(4n− 1, q), H can be interpreted as an automorphism group of T (O∗) (denoted
by H∗) — see Thas and Thas [29] — and H∗ fixes the (4n − 1)-space r∗, the dual generalized
ovoid elements Π ∗0 ∩ r∗, Π ∗1 ∩ r∗, and the point PG(4n − 1, q)∗.
Remark. It should be noted at this point that although it is easily seen that H ∼= H∗ as
abstract groups (see [29]), it is not necessarily so that (T (O), H) is permutation equivalent to
(T (O∗), H∗). (In fact, a precise formulation of when this should be the case is one of the crucial
questions in the classification of TGQ’s; see the BLUEPRINT of [36] and [34].)
Now we consider the point–line dual T (O∗)D of T (O∗). As O is good at pi0, by Thas [23]
we have that T (O∗)D is isomorphic to a flock GQ S(F) of order (q2n, qn). Interpreted as an
automorphism group of S(F), H∗ fixes the special point (∞) of S(F) = (P, B, I ), two distinct
lines incident with (∞), one of which is the special line [A(∞)] (the other one is denoted by A),
and some point not collinear with (∞).
This proves the STABILIZER LEMMA. 
It should be noted that Aut (S(F)) fixes the flag ((∞), [A(∞)]) and acts transitively on the
other lines incident with (∞), if F is not of Kantor–Knuth type (in the latter case, Aut (S(F))
acts transitively on the lines through (∞)).
Suppose C = {At ‖ t ∈ F} is the associated qn-clan — see [18] — and we use the usual
coordinatization in the extra special group of the qn-clan [18]. Without loss of generality, we
assume that the aforementioned fixed point of H∗ which is not collinear with (∞) is the point
(0, 0, 0). Let θ ∈ H∗. As θ is a collineation of S(F) which fixes (∞), [A(∞)] and (0, 0, 0), by
Payne [17], the following must exist:
(i) a permutation pi : t 7→ t of the elements of F = GF(qn);
(ii) τ ∈ Aut (GF(qn));
(iii) λ ∈ GF(qn), λ 6= 0;
(iv) D ∈ GL(2, qn) for which At − λDT (At − A0)τ D − A0 is skew-symmetric (with zero
diagonal) for all t ∈ GF(qn),
1 Recall from [1] and [29] that a subgroup of Aut (S) fixing (∞)′ is induced by a subgroup of P0L(4n + 1, q) fixing
O.
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so that we have
θ = θ(τ, D, λ, pi) : (α, c, β) 7→
(λ−1ατ D−T , λ−1(c − αA0αT )τ + λ−2ατ (D−T A0D−1(ατ )T ), (β − αK0)τ D
+ λ−1ατ D−T K0).
For θ = θ(τ, D, λ, pi), write D =
(
a b
c d
)
. Define a projective semilinear collineation Tθ of
PG(3, q) as follows (defined on the planes of PG(3, q)!):
Tθ :

x
y
z
1
 7→

λa2 λab λb2 x0
2λac λ(ad + bc) 2λbd y0
λc2 λcd λd2 z0
0 0 0 1


xτ
yτ
zτ
1
 .
Here,
[
x y z 1
]T denotes the plane with equation x X0 + yX1 + zX2 + X3 = 0 (in
homogeneous coordinates). Then Tθ fixes the cone K and leaves F invariant precisely when
θ is a collineation of S(F), where F is the quadratic cone with equation X21 = X0X2. The
map T : θ 7→ Tθ is a (surjective) homomorphism from the subgroup K of Aut (S(F)) leaving
(∞), [A(∞)] and (0, 0, 0) invariant onto the subgroup P0O(4, qn)F of P0O(4, qn) leaving the
flock F invariant. The kernel N of T is defined as
N = {θa ‖ (α, c, β) 7→ (aα, a2c, aβ), 0 6= a ∈ GF(qn)}.
(Note that N is a group of collineations fixing (∞) and (0, 0, 0) linewise.) Hence K/N ∼=
P0O(4, qn)F .
By the above, we can see the flock as any span of lines of the form {L ,M}⊥⊥, M 6∼ L , where
we take out {L}. For, if FM := {L ,M}⊥⊥ \ {L}, and Aut (FM ) is the global stabilizer of FM
in Aut (S)U,V , then Aut (FM )M ∼= [P0O(4, qn)F ]Π , where Π is an arbitrary flock plane of F
(note that M is also arbitrary in FM ).
4. Proof of Theorem 2.2
4.1. Kantor–Knuth TGQ’s
LetK be the quadratic cone with equation X0X1 = X22 of PG(3, q), q odd. Then the q planes
pit with equation t X0 − mtσ X1 + X3 = 0, t ∈ GF(q), m a given non-square in GF(q) and σ
a given automorphism of GF(q), define a flock F of K; see [21]. All the planes pit contain the
exterior point (0, 0, 1, 0) of K. This flock is linear; that is, all the planes pit contain a common
line, if and only if σ = 1. In that case, S(F) ∼= H(3, q2). Conversely, every nonlinear flock F
of K for which the planes of the q conics share a common point is of the type just described;
see [21].
The corresponding GQ S(F) was first discovered by Kantor in [13], and is called the
Kantor–Knuth semifield flock GQ.
Remark 4.1. Let S = S(F)D be the point–line dual of a Kantor–Knuth flock GQ. Then S is a
good TGQ; see [16].
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4.2. Structure theorem on certain flock GQ’s
We use the notation of the previous sections.
Theorem 4.2. Let S(F) be a flock GQ of order (q2n, qn), q > 1, with special point (∞), and
let θ be a linear collineation (i.e., with τ = 1) of S(F) which fixes (0, 0, 0), [A(∞)], [A(0)],
and at least one other line L incident with (∞).
(1) If F is a semifield flock (and then we also assume q to be odd), then θ fixes precisely pk + 1
lines incident with (∞) for some natural k ≤ hn, where q = ph is a power of the prime p.
(2) If Tθ is the corresponding (linear) automorphism of PG(3, qn) that fixesF (which is now not
necessarily of semifield type), and Π0 and Πl are the flock planes corresponding to [A(0)]
and L, respectively (l 6= 0), then Tθ fixes all flock planes that contain the line Π0 ∩ Πl = U.
(3) If F is a semifield flock and q is odd, and if the order of θ divides qn + 1 but not qn − 1,
then we have the following possibilities:
(i) the order of θ is 2e with e ∈ {2, 3, 4} and qn ≡ (−1) mod 2e;
(ii) Tθ fixes precisely the flock planes through U and no other flock planes;
(iii) S(F) ∼= H(3, q2n).
Proof. Let θ be as in (1), and put τ = 1. As S(F) is a semifield flock GQ, we may assume that
the flock planes are of the form
Πt =

xt = t
yt = f (t)
zt = g(t)
1
 ,
where t ∈ GF(qn), and where f and g are additive functions. We assume that Π0 is fixed by Tθ
(it should be noted that Aut (F) acts transitively on the flock planes), so that 0 = 0 (recall that
‘−’ stands for a permutation), and so that Tθ has the following form:
Tθ :

x
y
z
1
 7→

λa2 λab λb2 0
2λac λ(ad + bc) 2λbd 0
λc2 λcd λd2 0
0 0 0 1


x
y
z
1
 .
A flock plane Πr , r ∈ GF(qn)∗, is fixed by Tθ if and only ifλa
2r + λab f (r)+ λb2g(r) = r,
2λacr + λ(ad + bc) f (r)+ 2λbdg(r) = f (r), and
λc2r + λcd f (r)+ λd2g(r) = g(r).
It is clear that the set {µ ∈ GF(qn) ‖ (Πµ)Tθ = Πµ} is a subgroup of the additive group of
GF(qn) (observe that f and g are GF(p)-linear !), and (1) follows.
Let Tθ be as in (2) and put Π0 ∩ Πl = U . As Tθ fixes the planes 〈v,U 〉 (where v is the
vertex of the cone), Π0 and Πl through U , θ fixes all planes of PG(3, qn) containing U , since
θ ∈ PGL(4, qn)U . We have the conclusion of (2).
Suppose θ is as in (3), and suppose that S(F)  H(3, q2n), that is, suppose that F is not
linear. Note that if S(F) ∼= H(3, q2n), then θ fixes all lines incident with (∞). By (2) we know
that Tθ fixes all flock planes through U . Suppose that Tθ fixes (at least) one further flock plane,
say Π ′ — so Π ′ does not contain U . Then Tθ fixes Π ′ ∩Π0 = U ′, U , and the point u = U ∩U ′.
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Since the order of θ divides qn + 1 but not qn − 1, the same property holds for Tθ if 〈θ〉
is not a power of 2; we also can consider a nontrivial element φ of 〈Tθ 〉 of prime order (which
also fixes U and u) that does not divide qn − 1, provided that the order of θ is not a power of 2.
Suppose first that this is the case. Then as this element is contained in PGL(2, qn) (PGL(4, qn)U
induces PGL(2, qn) on U ), φ fixes U pointwise, and hence also Π0 pointwise. Moreover, in the
same way φ also fixes 〈v,U 〉 pointwise, leading immediately to the fact that φ is the identity on
PG(3, qn).
Now let the order of θ be 2e for some natural e. It is clear that e > 1, because the order of
θ is not a divisor of qn − 1. Let 2 f be the order of Tθ (so 2e− f divides qn − 1). As 2e divides
qn + 1 but not qn − 1, we have that either e = f ≥ 2 or e − f = 1 and f ≥ 1. If e = f > 3,
then one easily finds a nontrivial element in 〈Tθ 〉 which has to fix 〈v,U 〉 and Π0 pointwise (2 is
the only power of 2 dividing qn − 1!), a contradiction, whence |〈θ〉| = 2e with e ∈ {2, 3, 4}, and
qn + 1 ≡ 0 mod 2e. The result follows. 
4.3. Proof of Theorem 2.2
We use the notation of Theorem 2.2. We will use other frequently mentioned or obvious
notation (such as F , S(F), Aut (F), . . .) without further notice, and freely make use of the
STABILIZER LEMMA in due course. We also suppose, by way of contradiction, that F is not
linear.
Let M 6∼ L be an arbitrary line, and suppose U and V are distinct lines of {L ,M}⊥. Put
H = [Aut (S)M ]U,V . Then
|H | = |Aut (S)|(q − 1)(q
n − 1)
F
,
where F := (qn + 1)(qn − 1)q6n(|K| − 1). By the STABILIZER LEMMA, H can be interpreted
as the automorphism group of the associated flock GQ S(F) (of order (q2n, qn)) which fixes
(∞), (0, 0, 0), and two distinct lines incident with (∞) (one of which is [A(∞)], the other one
assumed to be [A(0)]). We use the same notation for this group. Interpreting it as a subgroup of
P0O(4, qn) which fixes F , we obtain a group H ′ of order |Aut (S)|(q−1)F which fixes Π0.
Let L = H ′ ∩ PGL(4, qn) be the linear subgroup of PGL(4, qn) in Aut (F)Π0 . First of all,
by the Standing Hypothesis of this section, we know that
1 6= q
n + 1

divides |L|,
where  is a divisor of nh (q = ph for the odd prime p). Let N be the kernel of the action of
L on (the points of) Π0, so that (L/N , C0) is a faithful permutation group, where C0 = Π0 ∩ K
is a conic, K being the quadratic cone under consideration. Note that PGL(4, qn)C0 induces
PGL(2, qn) on C0.
Suppose that L′ = L/N ∩ PSL(2, qn) (so possibly L′ is a group of index 2 in L/N ).
We will now address Dickson’s classification of the subgroups of PSL(2, qn), with qn = phn ,
p an odd prime (see [9, Hauptsatz 8.27, p. 213]); we list the possible subgroups X ≤ PSL(2, qn),
as follows:
(i) X is an elementary abelian p-group;
(ii) X is a cyclic group of order k, where k divides q
n±1
2 ;
(iii) X is a dihedral group of order 2k, where k is as in (ii);
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(iv) X is the alternating group A4;
(v) X is the symmetric group S4, where p2nh − 1 ≡ 0 mod 16;
(vi) X is the alternating group A5, where p = 5 or p2nh − 1 ≡ 0 mod 5;
(vii) X is a semidirect product of an elementary abelian group of order pm (m 6= 0) with a
cyclic group of order k, where k divides pm − 1 and pnh − 1;
(viii) X is a PSL(2, pm), where m divides nh, or a PGL(2, pn
′
), where 2n′ divides nh.
For the moment, we suppose that we are not in Cases (iv)–(vi). We also suppose that |L′| 6= 1.
Suppose that p is a divisor of |L′|; then p also divides |L|. Take a nontrivial element θ of L
of order p; then θ fixes a point x of C0, whence θ fixes the line vx pointwise. But as θ stabilizes
F , it follows that θ fixes each flock plane. We deduce that in Aut (S(F)) there is a nontrivial
element θ ′ of order p fixing (∞) and (0, 0, 0) linewise. As θ ′ must fix at least three points on
any line incident with (∞) (as the number of points incident with such a line is q2n+1), by 2.4.1
and 2.2.2 of FGQ, θ ′ fixes some subGQ of order qn pointwise. But then it is well known that θ ′
must be an involution (see [36]), a contradiction, whence we are not in Cases (i), (vii) and (viii)
for L′ ≤ PSL(2, qn).
Now suppose we are in Case (ii) or (iii). Suppose O = O(L′) is a (nontrivial) subgroup of L′
of largest odd size. Then in either of the cases, O is a cyclic group of size
|L′|
2e
,
where 2e is the largest power of 2 dividing |L′|. Suppose ζ is a generator of O. Take a Sylow
subgroup S ≤ O, and let S′ be a Sylow subgroup of L that contains S in its action on Π0 (note
that S′ ∼= S). Then S′ clearly fixes some flock plane Πr , r 6= 0, and hence the line R = Π0 ∩Πr ,
whence S also fixes R. Suppose that Rζ = R∗ 6= R; then the fact that ζ commutes with
each element of S implies that R∗ is fixed by φ (and hence also R ∩ R∗), where φ 6= 1 is
an arbitrary element of S. This contradicts Theorem 4.2(3). Hence Rζ = R. Now take another
Sylow subgroup S′ ofO, necessarily for a different prime than S (asO is abelian), let S′′ ∼= S′ be
a Sylow subgroup of L containing S′ in its action on Π0, and suppose that S′′ fixes some plane
Πr ′ , r ′ 6= r, 0. Then by a same argument as before, ζ must fix Π0 ∩Πr ′ = R′ 6= R. Hence ζ fixes
R, R′ and R ∩ R′, and this contradicts the proof of Theorem 4.2(3).
It follows that each Sylow subgroup S∗ of L that induces a Sylow subgroup of O fixes Πr ,
and then by Theorem 4.2 precisely all flock planes that contain the line Π0 ∩ Πr , and no other
flock planes (the order of each nontrivial element of O divides qn + 1 but not qn − 1). Suppose
that the number of such planes is pk 6= qn (recall Theorem 4.2(1)). Then it follows that
|O| = |L
′|
2e
divides qn − pk = pk(phn−k − 1).
(Note that the plane 〈v,Π0 ∩Πr 〉 is also fixed.)
It follows that
qn + 1
2e′
divides phn−k − 1,
where e′ ∈ {e, e+1}. We note that gcd(qn+1, phn−k−1) ∈ {2, pgcd(hn,hn−k)+1}, and the second
possibility only occurs if hn/ l is odd and (hn− k)/ l is even, where we put gcd(hn, hn− k) = l
for the sake of convenience. For the moment, assume that gcd(qn + 1, phn−k − 1) 6= 2. Then
qn + 1
2e′
divides pl + 1,
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whence the odd factor of q
n+1

divides the odd factor of pl + 1. As
qn + 1 = (pl + 1)(phn−l − phn−2l + · · · + 1) = (pl + 1)T,
it follows that qn + 1 and pl + 1 have the same even factors, since T is odd (recall that
q and hn/ l are odd). Thus q
n+1

divides pl + 1, and this leads to a contradiction. The case
gcd(qn + 1, phn−k − 1) = 2 is easily dealt with.
By the above, we obtain a contradiction as soon as q
n+1

is not a power of 2. In this way, Cases
(iv)–(vi) are excluded, and we may assume that q
n+1

= 2r for some r ∈ N.
First suppose nh is odd. If nh = 1, then by 8.7.3(i) of [19], S ∼= Q(5, p), so we may suppose
nh > 1. Then pnh + 1 = (p + 1)(pnh−1 − pnh−2 + · · · + 1) = (p + 1)T ′, so T ′ is odd and
hence a divisor of . From
pnh−2 ≤ pnh−1 − pnh−2 + · · · + 1 ≤ nh
it now follows that nh = 3 = p, so pnh +1 = 28. But 7 does not divide nh = 3, a contradiction.
Now suppose nh is even. Then pnh + 1 = (pnh/2 + 1)(pnh/2 − 1) + 2, so 2r ∈ {1, 2}. A
contradiction easily follows. 
Remark 4.3. Note that in Theorem 2.2, ‘a priori’ the action of the (appropriate) automorphism
group is not demanded to be linear, that is, that the size of Aut (F) ∩ PGL(4, qn) is divisible by
qn+1. This is usually the great difficulty in such a problem; compare, e.g., Jha and Johnson [10].
5. Doubly subtended ovoids in good TGQ’s
The essential reason that a semifield flock GQ F of order (q2n, qn), q odd, is isomorphic to
H(3, qn) if the assumptions of Theorem 2.2 are satisfied is that a nonlinear (semifield) flock
GQ cannot admit ‘a lot’ of collineations fixing (∞) and (0, 0, 0) linewise, or, equivalently,
P0L(4, qn) cannot admit ‘too many’ collineations fixing F planewise.
Let us explain this more precisely.
Let W be the full group of automorphisms of S(F) fixing (∞) and (0, 0, 0) linewise, and
suppose for now that F is a general (nonlinear) flock of the quadratic cone in PG(3, qn). Recall
that the kernel N is a group of collineations fixing (∞) and (0, 0, 0) linewise.
Then by Payne [17], we have the following:
(i) If qn = 2h , then W = N.
(ii) If qn is odd, and W ∗ = {θ(τ, D, λ, pi) ∈ H ‖ τ = 1}, then W ∗ = N, except if F is a
Kantor–Knuth semifield flock. In that case, W = W ∗ if σ 2 6= 1, and then [W : N] = 2. If
σ 2 = 1 6= σ , then [W : W ∗] = [W ∗ : N] = 2.
The intrinsic reason that only the Kantor–Knuth GQ’s arise in (ii) is that they admit more
involutions of a certain special type than other good TGQ’s (or, more generally, other flock
GQ’s) in odd characteristic. This will be shown in this section.
Let S ′ be a subGQ of order s of a GQ S of order (s, s2), s > 1. Let p be a point in S \ S ′.
Then p⊥ ∩ S ′ = Op is a set of s2 + 1 points of S ′ no two of which are collinear, that is, Op is
an ovoid of S ′. If an ovoid is obtained in this way, one speaks of a subtended ovoid (by p). As
S is of order (s, s2), there is at most one other point p′ 6= p of S \ S ′ so that Op′ = Op. If for
each such ovoid there are exactly two such points, we say that S ′ is a doubly subtended subGQ
of S, and in that case, there is a nontrivial involution of S which fixes S ′ pointwise. Vice versa,
the existence of such an involution forces S ′ to be doubly subtended.
K. Thas / European Journal of Combinatorics 28 (2007) 1–16 13
Brown has shown in [2] that given a doubly subtended subGQ of order s in a GQ of order
(s, s2), one can construct semipartial geometries (SPG’s) with parameters (s − 1, s2, 2, 2s(s −
1)).2 He then showed that each dual Kantor–Knuth semifield flock GQ contains such subGQ’s.
As the dual Kantor–Knuth semifield flock GQ’s are examples of TGQ’s S = T (O) of order
(s, s2), s odd, with O good at some element, the latter type of TGQ’s became the most plausible
candidate for providing new SPG’s using the Brown construction, but no progress has been made
since [2]. We will show here that the existence of a doubly subtended subGQ of order s in a TGQ
S = T (O) of order (s, s2), s > 1 odd, where O is good at some element, forces S to be of
Kantor–Knuth type, using part of the proof of the STABILIZER LEMMA.
Theorem 5.1. Let S = T (O) be a TGQ of order (qn, q2n), q > 1, withO good at some element,
and suppose that S contains a doubly subtended subGQ S ′ of order qn . Then S ∼= Q(5, qn) if q
is even, and S ∼= S(F)D , where F is a Kantor–Knuth flock, if q is odd.
Proof. First suppose that q is even. Then by Brown and Thas [5], we may assume that S ′ contains
the good line corresponding to the good element of O, as otherwise S ∼= Q(5, qn). As S ′ is
doubly subtended and q is even, S ′ ∼= Q(4, qn) by Brown [3]; see also Thas [24] for a short
proof. The result now follows from Thas [27].
Now suppose q is odd. Let S = T (O) and S ′ be as above, and let θ be the involution which
fixes S ′ pointwise. Suppose 〈O〉 = PG(4n − 1, q) ⊆ PG(4n, q), where s = qn . Then by Thas
and Thas [29], θ is induced by a unique involution of P0L(4n+1, q)O, which we also denote by
θ . This involution fixes a 3n-dimensional subspace Π of PG(4n, q) pointwise, and Π intersects
PG(4n − 1, q) in a (3n − 1)-space, and there are no other fixed points. Let r be a point of Π
not contained in PG(4n − 1, q). Now interpret θ as an automorphism of S∗ = T (O∗) which
fixes the point PG(4n − 1, q)∗ of PG(4n, q)∗, and stabilizes r∗ = 〈O∗〉, just as in the proof of
the STABILIZER LEMMA. Then in PG(4n, q)∗, it is clear that θ also induces an involution which
fixes some 3n-dimensional subspace pointwise, that meets r∗ in a (3n−1)-space. It easily follows
by 2.2.2 and 2.4.1 of FGQ that the fixed point structure of θ , interpreted as an automorphism of
T (O∗), is a subGQ of order qn . Hence the translation dual of S contains a subGQ of order qn , and
so the point–line dual of S∗, which is a flock GQ S(F) of order (q2n, qn), also contains a subGQ
of order qn . By Brown and Thas [6], we conclude that S(F) is a Kantor–Knuth semifield flock
GQ, and as in that case S(F)D = T (O∗) ∼= T (O) by Payne [16], the theorem is proved. 
In fact, by recent work of Brown and Lavrauw, one can say more about the even case:
Theorem 5.2. Let S = S(x) be a TGQ of order (s, s2), s > 1 and s even, with a doubly
subtended subGQ S ′ of order s. Then S ∼= Q(5, s).
Proof. Let θ be the nontrivial involution of S which fixes S ′ pointwise. First note that as s is
even and as S ′ is doubly subtended, S ′ ∼= Q(4, s) by Brown [3] — see also Thas [24] for a
short proof. If S ′ does not contain the translation point x , xθ is a translation point of S which is
not collinear with x . By transitivity, each point is a translation point, and every line is an axis of
symmetry. By Fong and Seitz [7,8],3 the theorem follows. Suppose that S ′ contains x . Then the
result follows by Brown and Lavrauw [4]. 
2 This is in fact a special case of the more recent construction of SPG’s by Thas [26].
3 See also the work of Kantor [14]/ Thas [31]/ Thas [28].
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6. Proof of Theorem 2.4
Consider the classical GQ Q(5, s). Then each line is contained in precisely s3 + s2 subGQ’s
of order s, all isomorphic toQ(4, s). Furthermore, Aut (Q(5, s)) = PGU(4, s2)o Aut (GF(s2))
acts transitively on its subGQ’s of order s (and in particular, Aut (Q(5, s))L , with L an arbitrary
line ofQ(5, s), acts transitively on the subGQ’s of order s containing L). In this section, we will
show that in odd characteristic, a local version of this property characterizes Q(5, s).
Let S = T (O) be a TGQ of order (s, s2), s > 1 odd, where O is good at some element pi .
Let L be the line of S corresponding to pi . Then there are precisely s3 + s2 subGQ’s of order
s containing L . If there is a subGQ of order s which does not contain L , then S ∼= Q(5, s) by
Brown and Thas [6], so we may assume that the full automorphism group Aut (S) of S fixes L .
Let S ′ be an arbitrary subGQ of S of order s (containing L).
Let x and y be points of S ′ \ L , for which x ∼ y 6= x , and xy 6∼ L . Then by Thas [35],
(s + 1)s4 divides |Aut (S)S ′ |,
by counting the Aut (S)S ′ -orbit of the ordered pair (x, y). Fix x and y, and put x ′ = projL x .
By [32,35], [Aut (S)S ′ ](x ′,y) acts transitively on the lines of S ′ incident with x ′ and different
from projx L and L . Let K be the kernel of the TGQ S(x ′). Then the group of collineations of
S(x ′) which fix x ′ and y linewise is a normal subgroup of the stabilizer of (x, y) in Aut (S)S ′ ,
and so
(s + 1)(s − 1)s4(|K| − 1) divides |Aut (S)S ′ |.
As Aut (S) acts transitively on the subGQ’s of order s, we deduce that
(s + 1)2(s − 1)s6(|K| − 1) divides |Aut (S)|.
The result follows from Theorem 2.2. 
Remark 6.1. In contrast to Theorem 2.4, Theorem 9.1 of Thas [23] seems to predict a very
homogeneous behaviour of the automorphism group of the good TGQ’s of order (s, s2), s odd,
which are not of Kantor–Knuth type (see Theorem 9.1(c) of [23]).
Corollary 6.2. Let S be a GQ of order (s, s2), s > 1, having a line L which is contained in
s3 + s2 subGQ’s of order s, all isomorphic to Q(4, s). If Aut (S) acts transitively on these
subGQ’s, then S ∼= Q(5, s).
Proof. For s even, the theorem follows even without the assumption on Aut (S); see, e.g.,
Thas [35,36].
Let s be odd. Then by Thas [35, Remark 5] (see also [25]), each point incident with L is a
translation point, and for each such point x I L , the TGQ S(x) is good at L . The theorem now
follows from Theorem 2.4. 
Corollary 6.3. Suppose (S(F)D)∗ is the translation dual of the point–line dual of the nonlinear
semifield flock GQ S(F) of order (s2, s), s odd. Then Aut ((S(F)D)∗) does not act transitively
on its subGQ’s of order s.
Proof. These are the known examples of the good TGQ’s in odd characteristic; cf. [18]. 
Final remark. Suppose we are in the situation of Theorem 2.3, with the additional assumption
that qn + 1 divides the size of the ‘linear part’ of Aut (F). Then the result can also be derived
from recent work of Jha and Johnson [11].
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